A nu mer i cal scheme cou pling lat tice Boltzmann and fi nite vol umes ap proaches has been de vel oped and qual i fied for test cases of phase change prob lems. In this work, the cou pled par tial dif fer en tial equa tions of mo men tum con ser va tion equa tions
In tro duc tion
Com pu ta tional fluid dy nam ics (CFD) sim u la tions of flows and trans fers are gen er ally based on space and tem po ral discretization of dif fer en tial equa tions de scrib ing mac ro scopic state, i. e., solv ing con tin uum me chan ics for mu la tion for the con ser va tion equa tions. How ever, their so lu tions can be very dif fi cult when con sid er ing com plex ge om e tries and mov ing boundaries and/or with multi-phys ics state. This jus ti fies the de vel op ment of new routes of sim u lations such as lat tice Boltzmann (LB) ap proaches. These meth ods are in prog ress and be come a se ri ous al ter na tive to tra di tional CFD meth ods [1] [2] [3] [4] . LB methods are es pe cially well suited to sim u late flows in com plex ge om e tries, and they are straight for wardly im ple mented on par al lel ma chines [5] [6] . The main goal of these meth ods is be ing to model the fluid flow at the mi croscopic level in term of lo cal in ter ac tions be tween par ti cles. Sev eral ad van tages are listed for these meth ods. For in stance, the method should be eas ier and al lows an in tu itive treat ment of par tic u lar con di tions like pres ence of ob sta cles [7] . How ever, clas si cal meth ods still ex hib it ing in du bi ta ble ad van tages and the cou pling with new ap proaches be come an in ter est ing way to be in no va tive for solv ing stiff prob lems.
The pur pose of this pa per is to de velop an ef fi cient and ac cu rate nu mer i cal meth od ol ogy to deal with solid/liq uid phase change prob lems gen er ally treated by us ing a com bi na tion of ad equate par tial dif fer en tial equa tions for mu la tion (multidomains, enthalpy, ...) and clas si cal discretisation (fi nite vol umes, fi nite el e ments, ...) [8] . The pres ent scheme will take ad van tage both from the LB method and fi nite vol ume (FV) ones. A con trol vol ume nu mer i cal method based on high-or der schemes will be used for en ergy equa tion. The LB method based on dis tri bu tion func tions is used to sim u late fluid flows. The evo lu tion equa tions for these dis tri bu tions are de - rived from the con tin u ous Boltzmann equa tion with ap pro pri ate ap prox i ma tions for in com pressible flows. The per for mance of the method (cou pling LB to FV) is then ex am ined for the re stricted con fig u ra tion to fluid flow fol lowed by a com par i son with the ex per i men tal re sults of Gau et al. [9] on the mor phol ogy and po si tions of the solid/liq uid in ter face (this is a very pop u lar test case for clas si cal meth ods).
Mod els and so lu tion meth ods
The so lu tion based on con tin uum me dium for mu la tion Clas si cally, the bal ance equa tions are de rived from con tin uum me dia the ory to describe trans fers of mass, mo men tum, and en ergy (and even tu ally spe cies). The ses gov ern ing equa tions for nat u ral con vec tion with phase change can be writ ten as:
where r u is the ve loc ity vec tor, T -the tem per a ture, P -the pres sure, and f -the liq uid frac tion. The group ing Pr, Ra, and Ste re fers to Prandtl, Ray leigh, and Stefan num bers, re spectively, which are non-di men sional num bers based on phys i cal prop er ties and com monly used in CFD:
where n and a are the ki netic vis cos ity and the ther mal diffusivity, re spec tively. With as sum ing con stant prop er ties (n, a) and Boussinesq ap prox i ma tion for den sity r :
, where r 0 and T 0 are the ref er ence val ues of den sity and tem per a ture, respec tively, and b is the co ef fi cient of ther mal ex pan sion.
Such con ser va tive sys tem of equa tion is com pleted by ini tial and bound ary con di tions (spec i fied here for each ap pli ca tion). Gen er ally it is discretized by clas si cal meth ods as fi nite dif fer ences, fi nite el e ments, or FV. In the fol low ing the FV is used for sca lar equa tion (eq. 3) because the task of the pres ent work is LB and FV cou pling. LB method will be used for solv ing eqs. 1 and 2.
The LB method pro vides an other way for solv ing the dy namic field. LB meth ods are a class of mesoscopic par ti cle based ap proaches to sim u late fluid flows. His tor i cally, the LB approach is de vel oped from lat tice gases, al though it can also be de rived di rectly from the sim plified Boltzmann BGK (Bhatangar-Gross-Krook) equa tion. In lat tice gases, the par ti cles jump from one lat tice node to the next, ac cord ing to their (dis crete) ve loc ity. This is called the prop aga tion phase. Then, the par ti cles col lide and get a new ve loc ity, the col li sion phase. Hence the sim u la tion pro ceeds in an al ter na tion be tween par ti cle propagations and col li sions. The two phases can be clearly dis tin guished.
The dy namic so lu tion based on LB pro ce dure
The LB method em ployed in this study uses a square lat tice (Frisch-Hasslacher--Pomeau model) ( fig. 1 ) [10] , the main equa tion is:
where f i is the par ti cle dis tri bu tion func tion de fined for the fi nite set of dis crete par ti cle ve loc ity vec tors r c i . The col lision term W i on the right hand side of eq. (5) uses the BGK ap prox i ma tion [11] . The es sence of this ap prox i ma tion for LB method is that the col li sion term W i will be re placed by the well-known sin gle time re lax ation ap proach:
where t is the re lax ation time and f i eq is the lo cal equi librium dis tri bu tion func tion that has an ap pro pri ately prescribed func tional de pend ence on the lo cal hy dro dy namic prop er ties.
F i rep re sents the ex ter nal force fields that give rise to a body force. This force term is self-con sis tently gen er ated by the neigh bour ing dis tri bu tion func tions around each lat tice site and does n't vi o late ei ther the lo cal mass con ser va tion or the global mo men tum con ser va tion. The to tal im posed body force is given by: r r r e F G i i
where r G is the buoy ancy source term which can be de scribed as:
This re la tion is con sis tent with the Boussinesq ap prox i ma tion. r g rep re sents the grav ity ac cel er a tion, b is the vol u met ric ther mal ex pan sion co ef fi cient, and 
where w i are the weights that are given by the length of the ve loc ity vec tor: 
for k = 1, 2, ...., where c = dx/dt and dx and dt are the lat tice space step and the lat tice time step size, re spec tively. The mac ro scopic vari ables such as den sity and ve loc ity in non-di men sional form are ob tained as: 
Figure 1. Schematic diagram of the D2Q9 lattice
The Chap man-Enskog ex pan sion for the den sity dis tri bu tion func tion can re cover the con ti nu ity and Navier-Stokes equa tions. The de tailed der i va tion of this pro ce dure is given by Hou et al. [12] and will not be shown here. The ki ne matic vis cos ity n is given by:
As ex plained, the LB are gen er ally ex ploited in a uni form grid, but it is well known in CFD that prob lems can ex hib its ar eas of high gra di ents of so lu tion. For in stance, for high Rayleigh num ber, the ther mal bound ary layer is very thin. In or der to cap ture the phys i cal prop er ties within the bound ary layer, a higher den sity of grid points is needed.
Im ple men ta tion of LB method on non-uni form grid
This can be car ried out by the non-uni form grid us ing Tay lor se ries ex pan sion and least square based lat tice Boltzman method (TLLBM) [13] . When the TLLBM tech nique is applied to eq. (5), the fi nal form is:
where a 1k are the el e ments of the first row of the ma trix [A] de fined as:
where
The tem per a ture field by FV method
The nu mer i cal ap proach used to solve the en ergy equa tion is based on a clas si cal FV ap prox i ma tion [14] . Let con sider a two-di men sional con vec tion -dif fu sion equa tion for a general vari able j cou pled to the con ti nu ity equa tion: ¶ ¶
in which F(j) = r uj g j j -Ñ is the advection-dif fu sion ten sor with the con vec tive part Fc = r uj and the dif fu sive part Fd = g j Ñj.
Equa tion (18) gives the ex pres sion of the con ser va tion of the vari able j in an in fin i tesi mal do main, it can be writ ten in any sub-do main V and for all time t and t' as:
where t V (x) is the nor mal vec tor to the bound ary V at point x, out ward to V.
In or der to de fine a FV scheme, the time de riv a tive is ap prox i mated by a fi nite dif ference scheme on an in creas ing se quence on time (t n )n ÎIN with t 0 = 0. The dis crete un knowns at time t n = ndt, are ex pected to be an ap prox i ma tion of j around the point M ij on the cell V and noted j i j n . Equa tion (14) is in te grated over each cell V us ing the Gauss di ver gence the o rem ( fig.  2) :
where ( ¶j/ ¶t) n is given by the time scheme at the time step t n = n dt in the con trol vol ume V. The next step of the method is the ap prox i mation of the con vec tive part F c ·t V and the dif fusive part F d ·t V of the pro jected flux F·t V over the bound ary ¶V of each con trol vol ume.
The time in te gra tion is per formed im plicitly by us ing a three level Eu ler scheme, given a sec ond or der trun ca tion er ror in time.
The dif fu sive part of the flux is discretized with a sec ond or der trun ca tion er ror in space (if uni form mesh). Dif fer ent discretizations for the con vec tive fluxes are pos si ble, cen tral schemes ap ply a sym met ric in ter po la tion for j i+1/2 . Up wind schemes ap ply a one side in terpo la tion. Leon ard [15] [16] has in tro duced Quick and other schemes as a com bi na tion between the two kinds of in ter po la tion. We have used the Quick scheme with a sec ond or der trunca tion in space. Ver i fi ca tions and val i da tions are achieved and de tailed in [25] .
The good sta bil ity prop er ties of the scheme have been ex hib ited for time-de pend ent Navier-Stokes equa tions for fluid flow and ex tended to phase change con fig u ra tion ex hib it ing strong solid/liq uid in ter ac tions.
Phase change treat ment
As men tioned be fore, in a phase change sys tem of a pure metal, three dis tinct re gions will be present ( fig. 3 ): a full solid zone (heat trans fers), a full liq uid zone (dy namic), and a solid-liq uid in ter face re gion. In this study a math e mat i cal model is de veloped to study the phase change prob lems and us ing any phase change ma te rial. Liq uid phase is New tonian and in com press ible, the flow is lam i nar; it is fur ther as sumed that the third di men sion of the cav - ity is suf fi ciently long to con sider the flow two-di men sional. Vis cous dis si pa tion is neg li gi ble in com par i son with con duc tion and con vec tion.
An enthalpy for mu la tion is used (eq. 3) by con sid er ing con tin uum me dia for ther mal field [17] [18] . The melt ing pro cess takes place over a tem per a ture range T f ± e where e is a small quan tity (typ i cally e = 5% of DT). The ba sic idea of the enthalpy method is to sep a rate the sen sible and la tent heat com po nents in the vi cin ity of the solid-liq uid in ter face (T f -e £ T £ T f + e). The la tent heat com po nent is ex pressed in term of the la tent heat L f and liq uid frac tion f, which is de fined as: 
T T T T T T T T T ( )
Dy nam i cally, the solid/liq uid in ter face is treated like a bound ary con di tion. In practice, the bound ary con di tions are given ac cord ing to the mac ro scopic vari ables r u and r. However, in the LB method, the real bound ary con di tions must be trans formed into re la tions on the dis tri bu tion func tions at each lat tice point of the bound aries. The choice of these re la tions can af fect the ac cu racy and the sta bil ity of the method [1] [2] . For the LB method, at the bound aries, the par ti cle dis tri bu tion func tions f i go ing in side the me dium are un known and there are computed from the bound ary con di tions and f i go ing out side the me dium.
In the pres ent study, the solid/liq uid in ter face is treated like a curved solid bound ary con di tions (BC). For this kind of BC, sev eral schemes were de vel oped. We adopted the ex trapo la tion pro posed by Bao et al. [18] . In fig. 2 , the curved in ter face is lo cated be tween solid node and fluid node, with
de not ing the frac tion of link of the fluid zone. The vol ume sur round ing the lat tice node x b is not ho mo ge neous and con tains both the solid and liquid phases. The stream ing step is treated dif fer ently by com put ing f x t i ( , ) f at bound ary node x b , where f i is the post-col li sion state of the dis tri bu tion func tion. As it is pro posed by Filippova et al. [19] and re vised by Mei et al. [20] , the fol low ing re la tions on the curved in terface are used:~(
where c is the weight ing fac tor.
To guar an tee the mass con ser va tion, f x t i b * ( , ) is de fined by: 
where r(x w , t) is called the wall den sity; it is com puted so as to en sure not loss of the mass at the solid bound ary. r u bf , c, and r(x w , t) are given by: r(x w , t) is cal cu lated from the con ser va tion mass re la tion:
The use of the pres ent im ple men ta tion of the mass con serv ing BC makes it pos si ble pre cisely take ac count of the con vec tion in ter ac tion with the form and the pro gres sion of the solid-liq uid in ter face (fig. 4) . This tech nique re turns the method of tracked in ter face dy nam ically pos si ble in LB method.
Benchmarking
First, it is im por tant to men tion that the pure con vec tive so lu tion is in good agree ment with the tra di tional ex er cise of a cav ity dif fer en tially heated con tain ing a fluid with air Prandtl (Pr = 0.71). The Ray leigh num ber is var ied be tween Ra = 10 3 and Ra = 10 6 . The nu mer i cal values are in good agree ment with the ref er ence re sults [21] (see tab. 1). The pres ent method thus ex hib its good ap ti tudes to sim u late ac cu rately thermoconvectives phe nom ena. The fol low ing work fo cus on the phase change cou pling.
In the case of phase change oc cur rence, the authors adopted a meth od ol ogy of val i da tion by consid er ing first a clas si cal phase change Stefan problem fol lowed by a sit u a tion of phase change cou pling con duc tive and con vec tive trans fers.
Bench mark 1: LBFVM vs. heat-bal ance in te gral method (HBIM) for Stefan prob lem
This ex er cise aims to eval u ate the abil ity of the method to treat the phase change prob lem in the con di tion of a pure dif fu sion. 1-D so lid i fi cation sys tems (the called Neumann prob lem) is con sid ered [22] . The ge om e try con fig u ra tion and the bound ary con di tions are shown in fig. 5 .
A liq uid at a uni form tem per a ture T H that is at or higher than the melt ing tem per a ture T m of the solid phase is con fined to a half-space x > 0. At time t = 0 the bound ary sur face at x = 0 is lowered to a tem per a ture T C be low T m and main tained at that tem per a ture for times t > 0. As a re sult, so lid i fi ca tion starts at the sur face x = 0 and the solid-liq uid in ter face moves in the pos i tive x-direc tion. An an a lyt i cal so lu tion of the lo ca tion of the so lid i fi ca tion in ter face in the semi-in fi nite do main is given by the relation:
where a is the co ef fi cient of heat dif fu sion and l -a con stant con trolled by the fol low ing al gebraic equa tion: Ste e erf erfc
Sim u la tions were car ried out in a rect an gu lar cav ity of as pect ra tio 0.04 of the do main and a Stefan num ber of Ste = 0.5. Ta ble 2 shows a good agreement be tween our work and HBIM sim u la tion. Fig ure 6 shows a good agree ment of the nu mer i cal re sults (LBFVM) with the an a lyti cal es ti ma tions for a value l = 0.445. The er ror in tro duced by the con sid er ation of a fi nite domain re mains neg li gi ble for the po si tions of the in ter face not ex ceed ing a max i mum limit. This val i da tion shows the ca pac ity of the method to de scribe ac cu rately the pro gres sion of the solid-liq uid in ter face in a con duc tive mode.
Bench mark 2: so lid i fi ca tion in ter act ing with fluid flow
This ex er cise is de voted to the in ter ac tion of the con vec tion with the so lid i fi ca tion oc cur rence. A ther mal shock held on the liq uid sur face (present ing an an a lyt i cal so lu tion in the con duc tive case, i. e. Ra = 0). The do main pre sented in fig. 7 is a square cav ity filled with a liq uid phase (charac ter ized by a Prandtl num ber Pr = 7.36) and brought up to an dimensionless hot tem per a ture (T H = 0.33). Bru tally, we ap plied a cold tem per ature (T C = -0.67) at the edges. The dimensionless melt ing tem per a ture is T m = 0. The semi-an a lyt i cal of this prob lem, for Ra = 0, in a semi in fi nite re gion was ob tained by Rathjen et al. [23] . The nu mer i cal re sults in the dif fu sive re gime are in good agree ment with 
Re sults pre sented here are got ten with Nx ´Ny =100 ´100 for and 200 ´200 for Ra = 10 8 . More ac cu rate re sults can be ob tained through cal cu la tions with a finer mesh, but they re quire more com puter CPU time and mem ory ca pac ity. There fore, a non-uni form mesh is adopted in order to save CPU time while main tain ing ac cu racy. The grid points are dis trib uted as small grid spac ing near the left wall to ob tain suf fi cient res o lu tion of the bound ary lay ers formed along the sur faces.
The phase change phe nom e non (so lid i fi ca tion) of the fluid was stud ied for var i ous Ray leigh num bers. For Ra £ 10 6 , the con vec tive mo tion in ten sity is very weak and do not af fect the ki net ics of the phase change. This is well il lus trated in fig. 8 . In deed, be cause of the fluid flow de vel oped in the melt zone, the max i mum tem per a ture falls rap idly, which is not the case for low Ra. This con clu sion is valid for the evo lu tion of the liq uid frac tion which tends quickly to wards 0 for high Ra. The con vec tive mo tion de vel oped within the fluid zone im proves heat trans fer be tween the two phases and ac cel erate con se quently the so lid i fi ca tion pro cess for high Ra.
Also the la tent heat ef fect (Stefan number) on the con vec tive cells is stud ied. This ef fect is sim u lated for the Ray leigh num ber value (Ra = 10 8 ) . Fig ure 9 shows the ve loc ity field pro gres sion and the be hav ior of the solid-liq uid in ter face. For Ste = 0.1 and Ste = 0.5, the la tent heat is very im por tant, this de lays the pro gres sion of the solid-liq uid in ter face ( fig. 10 ). This sit u a tion is in fa vor of the de vel op ment and the in ten si fi ca tion of the con vec tive move - ments and con se quently, a sig nif i cant ef fect on the pro gres sion and the form of the solid-liq uid in ter face can be noted. This ef fect is less sig nif icant in the case of Ste = 1.
Bench mark 3: melt ing in ter act ing with fluid flow
The ex per i men tal anal y sis of the melt ing of the gal lium in a rect an gu lar cav ity from a ver ti cal wall was ini tially pro posed by Gau et al. [9] . A par tic u lar at ten tion has been car ried on the buoyancy-in duced flow in the pure metal and its ef fect on the solid-liq uid in ter face po si tion and heat trans fer con di tions. This ex pe ri ence has been con sid ered as a test case to qual ify the math e mati cal for mu la tions used for the nu mer i cal sim u lation of phase change prob lems since first nu mer ical re sults of Brent et al. [24] us ing an enthalpy-po ros ity for mu la tion FV solved at first or der [9] . Semma et al. showed how the ac cu racy of the used scheme af fects di rectly the multicellular flow oc cur rence [25] . The Gal lium is con tained in a two-di men sional rect an gu lar cav ity of height H and width L (fig. 11 ). The mate rial is as sumed to be ini tially in solid state at its melt ing tem per a ture T m = 28.3 °C. The tem per ature at the bot tom sur face is in creased sud denly to 38.0 °C, while the other walls are main tained in adi a batic state. At time t = 0, the tem per a ture of the left ver ti cal wall is raised im pul sively to a pre scribed tem per a ture above the fu sion point, T w > T m .
The set of equa tions (1)- (3) is solved for dimensionless num bers cor re spond ing to exper i men tal data of Gau et al. [9] : Ra = gbDTH 3 /na =7·105, Ste = CpDT/L f = 0.046. The do main con sists on a rect an gu lar cav ity. The bound ary and ini tial con di tions are given as fol lows: -ini tial con di tions , ,
Re sults pre sented here are got ten with Nx ´ Ny = 201´140. More ac cu rate re sults can be ob tained through cal cu la tions with a finer mesh, but they re quire more CPU time. There fore, a non-uni form mesh is adopted in or der to save CPU time while main tain ing ac cu racy. The grid points are dis trib uted as small grid spac ing near the left wall to ob tain suf fi cient res o lu tion of the bound ary lay ers formed along the sur faces.
The evo lu tion of melt ing front is com pared with those mea sured by Gau et al. [9] as shown in fig. 12 . The in ter face po si tion given by the pres ent enthalpy model is in good agreement with the ref er ence re sults. The ini tial tem per a ture and the dif fi culty to main tain a con stant tem per a ture on the heated wall can be a source of discrep an cies be tween the pre dicted solid/liq uid front and the ex per i men tal one.
The nu mer i cal re sults in terms of flow struc tures and solid-liq uid in ter face po si tion are in good agreement with ref er ence re sults [26] [27] [28] . In deed, at the begin ning of fu sion pro cess, there is ap pear ance of a one flow cell with low in ten sity for (t < 20 s). There af ter and with the pro gres sion of the in ter face and the increase of the Ray leigh num ber of the liq uid zone, there is bi fur ca tion to wards a multi cel lu lar struc ture. When the melt size in creases with time, the num ber of flow cells de creases by merg ing of the two up per cells.
Con clu sions
A meth od ol ogy cou pling lat tice Boltzman and fi nite vol ume ap proaches is de vel oped for mod el ling solid-liq uid phase change prob lems.
Benchmarking have been op er ated for con duc tive and con vec tive so lu tion ex hib it ing an a lyt i cal so lu tion or ex per i men tal re sults and pres ent nu mer i cal re sults are in good agree ment with and show the abil ity of the high-or der fi nite vol ume cou pled to lat tice Boltzmann method to solve stiff phase change prob lems.
One im por tant ex ten sion is the pos si ble use of such cou pling to study com plex con figu ra tions of crys tal growth as so ci at ing the ef fi ciency of the fi nite vol ume ap proach for con ser vative laws and the flex i bil ity of the lat tice Boltzman ap proach for complex geometries. 
